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We present an efficient impurity solver for the dynamical mean-field theory (DMFT). It is based on
the separation of bath degrees of freedom into the low energy and the high energy parts. The former
is solved exactly using exact diagonalization and the latter is treated approximately using Green’s
function equation of motion decoupling approximation. The two parts are combined coherently
under the standard basis operator formalism. The impurity solver is applied to the Anderson
impurity model and, combined with DMFT, to the one-band Hubbard model. Qualitative agreement
is found with other well established methods. Some promising features and possible improvements
of the present solver are discussed.
I. INTRODUCTION
In the past two decades, the dynamical mean field the-
ory (DMFT) has been established as a powerful method
for studying strongly correlated electron systems.1,2 In
DMFT, a quantum lattice model for interacting electrons
is mapped onto an effective single impurity model with
a self-consistently determined bath. To study the multi-
band lattice Hamiltonian or systems with strong spatial
fluctuations such as two dimensional models, one needs to
map the original Hamiltonian onto effective multi-band
impurity models,3–6 or onto a cluster Hamiltonian with
many impurities.7,8 For DMFT and its extensions, the
core is the solution of the impurity or cluster model for
Green’s functions, or equivalently, for the self-energies.9
The efficiency of solving the quantum impurity or cluster
models is essential for the applicability of DMFT and its
extensions.
Due to its obvious importance, fast and accurate
method for solving impurity and cluster models has been
the goal of intensive research activities since the devel-
opment of DMFT. In this area, various quantum Monte
Carlo (QMC) methods, such as Hirsch-Fye algorithm10,11
and strong12/weak-coupling13 continuous time QMC are
among the most powerful and widely used methods.
They are numerically exact and can treat multi-band im-
purity models and the multi-impurity cluster models.14
However, these QMC methods cannot reach zero temper-
ature and the dynamical correlations on real frequency
axis are produced through numerical analytical contin-
uation, which introduces additional errors.15 Numerical
renormalization group method16 can produce accurate
low energy properties for single impurity model, but the
computational cost increase exponentially with the num-
ber of orbitals or impurities.17 The full exact diagonal-
ization (ED)18 and the Lanczos method19 are relatively
fast and easy to implement. However, at present, the
total number of sites of the impurity/cluster model is
constrained to about 9 for ED and 15 for Lanczos.20 This
limits the energy resolution in the resulting spectral func-
tion.
Besides these more established methods, there have
been attempts to develop new impurity/cluster solvers
that are focused on the efficiency for complex impu-
rity models, allowing for approximations. Among them
are the weak coupling21 or strong coupling22 perturba-
tion theory, fluctuation-exchange approximation,23 non-
crossing approximation,24 Gutzwiller approximation,25
double time Green’s function (GF) equation of motion
(EOM) method,26–28 superperturbation method,29 ex-
tended recursion in operator space,30 and the distribution
ED method,31 etc. Recently, two methods appear to be
able to go beyond the limitations in QMC, NRG and or-
dinary ED. One is the ED algorithm based on natural
orbitals,32 and the other is the hierarchical equation of
motion method.33 These two methods seem promising in
DMFT applications, but their implementations are com-
plicated and the computational costs are relatively high.
It is the purpose of this paper to present a new im-
purity solver which is approximate but can be improved
systematically. In this new method, the bath degrees
of freedom are split into the low energy and the high
energy parts. The influence of the low energy bath to
the impurity is treated exactly using the traditional ED
method. While the influence of the high energy bath is
treated afterwards using an approximate GF EOM trun-
cation scheme, that is, the alloy analogy approximation
(AAA).34 This idea is realized by using the standard ba-
sis operator (SBO) and its GF EOM method,35 which
is originally designed for extending the random phase
approximation in the GF EOM formalism to the spin-
1 Heisenberg model. Here we use it to derive a non-
perturbative approximation on top of ED of a small sys-
tem containing the impurity and ns bath sites. We hope
that this method can combine the advantage of ED, that
is, high speed and being systematic, with that of GF
EOM approach, that is, being flexible and giving con-
tinuous spectral function. Our benchmark calculation
shows that this method is fast and can produce qual-
itatively correct spectral function using one bath site
ns = 1. Therefore, this method is suitable for DMFT
study of more complicated models of strongly correlated
2electrons, expecting reasonable results in a limited calcu-
lation time.
In the rest part of this paper, we first present the
formalism in Section II. The results of benchmarking
calculations are presented and compared with ED and
NRG results in Section III. In Section IV, we discuss the
method and its possible extensions and applications. In
Section V, a brief summary is given.
II. FORMALISM
In this part, we derive the formalism of the standard
basis operator GF EOM method. For simplicity, we con-
sider the single band Hubbard model on a Bethe lattice
in the infinite coordination limit. The DMFT equation
for this system can be obtained analytically and has been
solved by many other established methods. It is an ideal
system for benchmarking a new solver.
The Hamiltonian of the single band Hubbard model on
Bethe lattice reads
H = −t
∑
〈i,j〉σ
d†iσdjσ +
∑
i
Uni↑ni↓ − µ
∑
i,σ
niσ. (1)
Here, d†iσ and diσ are the creation and the annihilation
operators of a spin-σ electron on site i, respectively. The
summation
∑
〈i,j〉 is for the nearest neighbour sites on
a Bethe lattice with coordination number z. U is the
on-site repulsion energy and µ is the chemical potential.
In DMFT, this lattice Hamiltonian is mapped onto an
effective Anderson impurity model of the form
HAim =
∑
kσ
ǫkc
†
kσckσ +
∑
kσ
Vk
(
c†kσdσ + d
†
σckσ
)
+Un↑n↓ − µ
∑
σ
nσ. (2)
Here ckσ is the annihilation operator of the bath electron.
The hybridization function is defined as
∆(ω) ≡
∑
k
V 2k δ(ω − ǫk), (3)
with its counter part on the Matsubara frequency axis,
Γ(iωn) ≡
∑
k
V 2k
iωn − ǫk
. (4)
∆(ω) and Γ(iωn) are connected by the analytical contin-
uation and the Hilbert transformation as below,
∆(ω) = −
1
π
ImΓ (iωn → ω + iη) ,
Γ(iωn) =
∫ ∞
−∞
∆(ǫ)
iωn − ǫ
dǫ. (5)
We split the continuous bath degrees of freedom into two
parts, a discrete part with 1 ≤ k ≤ ns and a continuous
part with k ≥ ns + 1. Here ns is the number of discrete
bath sites which will be treated by ED. Their respective
hybridization functions are
∆1(ω) =
ns∑
k=1
V 2k δ(ω − ǫk),
∆2(ω) = ∆(ω)−∆1(ω). (6)
Correspondingly, Γ1(iωn) =
∑ns
k=1 V
2
k / (iωn − ǫk) and
Γ2(iωn) = Γ(iωn)− Γ1(iωn).
Given a full continuous hybridization function ∆(ω),
we first identify ns discrete bath modes to define ∆1(ω)
according to some importance criteria. The impurity
problem composed of the impurity site and these ns
bath sites are diagonalized first. The influence of the
residual continuous bath ∆2(ω) is regarded as a modifi-
cation to the ED result and is treated by approximate
method. This idea has been proposed by Hafermann
et al..29 In their work, {Vk, ǫk}(k = 1, 2, ..., ns) are ob-
tained by a weighted fitting of the original hybridization
function Γ(iωn) by the ns-bath-site hybridization func-
tion Γ1(iωn). The influence of the residual hybridization
Γ2(iωn) is treated perturbatively, using skeleton diagram
expansion up to third order in the interacting vertex in
dual space. Although this approach produces rather ac-
curate GF’s compared to QMC, the perturbative treat-
ment of Γ2(iωn) needs the two-particle GF χ1234 obtained
from ED calculation as an input. For multi-band or
multi-site impurity problems, the calculation and stor-
age of χ1234 is expensive. This could hinder the practi-
cal applications of this approach. In this work, we use
GF EOM with truncation approximation, which involves
only 2-time GF’s and thus avoids the direct calculation
of 4-time GFs. For the parameterization of the discrete
bath modes, we fit the low energy part of the full hy-
bridization, which is important for the accurate descrip-
tion of the Kondo resonance in the metallic phase (see
below).
In accordance with the splitting of bath, HAim is also
split into two parts,
HAim = H0 +H1,
H0 =
ns∑
k=1
∑
σ
ǫkc
†
kσckσ +
ns∑
k=1
∑
σ
Vk
(
c†kσdσ + d
†
σckσ
)
+Un↑n↓ − µ
∑
σ
nσ,
H1 =
∑
k≥ns+1,σ
ǫkc
†
kσckσ +
∑
k≥ns+1,σ
Vk
(
c†kσdσ + d
†
σckσ
)
.
(7)
To integrate ED and GF EOM in a coherent way, we
use the SBO formalism proposed by Haley.35,36 Suppose
H0 has been diagonalized and let Eµ and |µ〉 be the
eigen energy and eigen state of H0, respectively. That is,
H0|µ〉 = Eµ|µ〉. SBO is defined as an projection operator
in the Hilbert space of H0 in the |µ〉 basis, Aµν ≡ |µ〉〈ν|.
3Suppose that the Hilbert space of H0 is D dimensional,
the total number of SBO’s is D2. The algebraic relations
among these Aµν ’s are
(Aµν)
†
= Aνµ
AµνAαβ = δναAµβ∑
µ
Aµµ = 1. (8)
Clearly, theD2 SBO’s defined above form a complete and
linear-independent basis set in the operator space built
on H0’s Hilbert space. Any operator in this space can be
expanded by Aµν ’s. Especially we have
H0 =
∑
µ
EµAµµ,
dσ =
∑
µν
fσµνA
σ
µν . (9)
Here the coefficients fσµν = 〈µ|dσ|ν〉. Usually the coef-
ficients {fσµν} form a sparse matrix and the sparseness
can be used to simplify calculations. The superscript σ
in Aσµν is used to remind us that this SBO appears in
the expansion of dσ. For the particle- and spin- conserv-
ing Hamiltonian H0, the excitation operators Aµν can
be classified by its quantum numbers δN and δSz de-
fined as
[
Nˆ, Aµν
]
= δNAµν and
[
Sˆz, Aµν
]
= δSzAµν .
Here Nˆ and Sˆz are the total electron number operator
and the z-component of total spin operator, respectively.
The Aσµν ’s in Eq.(9) are SBO’s with quantum numbers
(δN = −1, δSz = −σ/2). Here σ = 1 denotes spin up and
σ = −1 spin down. In the following, we will use Aσµν as
defined here, and Aµν for general SBO’s with unspecified
quantum numbers.
In terms of SBO’s defined above, HAim can be written
as
HAim =
∑
µν
EµAµν +
∞∑
k=ns+1
∑
σ
ǫkc
†
kσckσ
+
∞∑
k=ns+1
Vk
(
c†kσdσ + d
†
σckσ
)
, (10)
where dσ =
∑
αβ f
σ
αβA
σ
αβ and d
†
σ =
∑
γδ f
σ∗
γδ A
σ†
γδ. Writ-
ten in this form, HAim can be regarded as a new problem,
describing a complicated impurity coupled to a reduced
bath with the effective hybridization function Γ2(iωn).
The impurity Green’s function in Zubarev’s symbol is
〈〈dσ|d
†
σ〉〉ω . It is expressed by the GF of SBO’s as
〈〈dσ |d
†
σ〉〉ω =
∑
αβ
∑
γδ
fσαβf
σ∗
γδ 〈〈A
σ
αβ |A
σ†
γδ〉〉ω. (11)
The EOM of a fermionic type double time GF 〈〈A|B〉〉ω
reads
ω〈〈A|B〉〉ω = 〈{A,B}〉+ 〈〈[A,H ]|B〉〉ω . (12)
The average 〈{A,B}〉 can be determined self-consistently
from the GF’s through the fluctuation-dissipation theo-
rem,
〈BA〉 = −
1
π
∫ ∞
−∞
1
eβω + 1
Im〈〈A|B〉〉ω+iηdω. (13)
Here η = 0+ is an infinitesimal positive number.
In the following, we apply the EOM to the SBO GF
〈〈Aσαβ |A
σ†
γδ〉〉ω . Appropriate truncation approximations
will be introduced at certain levels to truncate the hier-
archical EOM and produce a closed self-consistent equa-
tions. The first order EOM reads
ω〈〈Aσαβ |A
σ†
γδ〉〉ω = 〈{A
σ
αβ , A
σ†
γδ}〉+ 〈〈
[
Aσαβ , HAim
]
|Aσ†γδ〉〉.
(14)
To obtain the GF’s, we use the commutation relation
[Aαβ , H0] = (Eβ − Eα)Aαβ and the anti-commutation
relation {Aαβ , Aδγ} = δβδAαγ + δαγAδβ . Also, for
fermionic type operators in different spaces, the follow-
ing anti-commutation relations hold, {Aσαβ , ckσ′} = 0 and
{Aσαβ , c
†
kσ′} = 0. Using these relations, we get
(ω + Eα − Eβ) 〈〈A
σ
αβ |A
σ†
γδ〉〉ω = δβδ〈Aαγ〉+ δαγ〈Aδβ〉
+
∑
k≥n+1,σ′
Vk
[
〈〈Bσσ
′
αβ ckσ′ |A
σ†
γδ〉〉ω − 〈〈D
σσ′
αβ c
†
kσ′ |A
σ†
γδ〉〉ω
]
.
(15)
Here, 〈Aαγ〉 and 〈Aδβ〉 are thermal averages of SBO’s
which conserve electron number and spin. The two new
operators Bσσ
′
αβ and D
σσ′
αβ are defined as
Bσσ
′
αβ ≡ {A
σ
αβ, d
†
σ′} =
∑
µ
fσ
′∗
µβ Aαµ +
∑
ν
fσ
′∗
αν Aνβ
Dσσ
′
αβ ≡ {A
σ
αβ, dσ′} =
∑
µ
fσ
′
µαAµβ +
∑
ν
fσ
′
βνAαν .
(16)
It is noted that Bσσ
′
αβ conserves Nˆ , while D
σσ′
αβ annihilates
two electrons. Both are Grassmann even operators.
On the right hand side of Eq.(15) appear two higher
order GF’s. 〈〈Bσσ
′
αβ ckσ′ |A
σ†
γδ〉〉ω is the propagator of
an electron from the small system H0 into the infinite
residual bath, and 〈〈Dσσ
′
αβ c
†
kσ′ |A
σ†
γδ〉〉ω describes electron
propagating inside the small system but being accom-
panied by fluctuations of the residual bath. Both can
be represented by GF’s of the form 〈〈AµνXkσ′ |A
σ†
γδ〉〉ω ,
with X = c or X = c†. If one calculate EOM for
these new GF’s, even higher order GF’s of the form
〈〈AµνXkσ′Xpσ′′ |A
σ†
γδ〉〉ω will be produced.
Different truncation schemes have been proposed for
the Anderson impurity models under GF EOM formal-
ism. AAA is made for GF’s involving one bath index.34
The famous Lacroix approximation truncates the GF’s
involving three bath index and gives qualitative descrip-
tion for the Kondo resonance.37 Luo et al. proposed the
4truncation scheme based on the concept of connected
GF.38 In their work the truncation at three bath index
level produces improved results over Lacroix.
In Eq.(15), if we neglect the influence of the residual
bath, i.e., if we remove the last two terms, the SBO GF’s
are solved as
〈〈Aσαβ |A
σ†
γδ〉〉ω =
δβδ〈Aαγ〉+ δαγ〈Aδβ〉
ω + Eα − Eβ
. (17)
Employing the fluctuation-dissipation theorem Eq.(13)
and the SBO algebra Eq.(8), one gets the self-consistent
equations for the averages, 〈Aαβ〉 = δαβe
−βEα/Z0. Z0 =∑
µ e
−βEµ is the partition function of H0. Putting the
averages into the expression of SBO GF’s and using
Eq.(11), one gets
〈〈dσ|d
†
σ〉〉ω =
1
Z0
∑
µν
(
e−βEµ + e−βEν
)
fσµνf
σ∗
µν
ω + Eµ − Eν
. (18)
It is the Lehmann representation of the impurity GF of
H0, as expected.
To take into account the influence of residual bath
and improve over ED results, one needs to consider the
EOM of the last two terms in Eq.(15). The EOM for
〈〈Bσσ
′
αβ ckσ′ |A
σ†
γδ〉〉ω , taking a symmetric form to keep the
possible particle-hole symmetry, is obtained as,
ω〈〈Bσσ
′
αβ ckσ′ |A
σ†
γδ〉〉ω
=
ω
2
〈〈{Bσσ
′
αβ , ckσ′}|A
σ†
γδ〉〉ω
= 〈{Aσ†γδ, B
σσ′
αβ ckσ′}〉+ 〈〈
[
Bσσ
′
αβ , H0
]
ckσ′ |A
σ†
γδ〉〉ω
+
1
2
Vk〈〈{B
σσ′
αβ , dσ′}|A
σ†
γδ〉〉ω + ǫk〈〈B
σσ′
αβ ckσ′ |A
σ†
γδ〉〉ω
+
1
2
∑
pσ′′
Vp〈〈
[
Bσσ
′
αβ , d
†
σ′′
]
[cpσ′′ , ckσ′ ] |A
σ†
γδ〉〉ω
+
1
2
∑
pσ′′
Vp〈〈
[
Bσσ
′
αβ , dσ′′
] [
ckσ′ , c
†
pσ′′
]
|Aσ†γδ〉〉ω . (19)
Since the most important effect of the impurity-bath
interaction is supposed to be contained in H0, we may
devise simple truncation approximations for the residual
bath. From the practical requirement of a fast impu-
rity solver, we also need to avoid the complications in
the EOM part. In the following, we introduce AAA ap-
proximation which simplifies the EOM for spin-up GF
by ignoring the commutator between the spin-down op-
erators and the hybridization operators in H . That is,
when studying the propagation of spin-σ electrons, the
fluctuations in spin-σ¯ electron are frozen and treated as
non-dynamical quantity.
The last two terms in Eq.(19) come from
〈〈
[
Bσσ
′
αβ , H1
]
ckσ′ |A
σ†
γδ〉〉ω and 〈〈ckσ′
[
Bσσ
′
αβ , H1
]
|Aσ†γδ〉〉ω,
which describe the fluctuation effect from the impurity-
residue bath hybridization when electron is propagating.
In the spirit of AAA, they are ignored. The second
term on the right hand side of Eq.(19) comes from the
dynamics of the small system H0 accompanying the
propagation of electrons. The EOM of this GF can
lead to a chain of GF’s of the type 〈〈Oickσ′ |A
σ†
γδ〉〉ω
(i = 1, 2, ...). This chain will get closed when the
electron and spin conserving operator Oi traverse the
whole space of Aαβ . The more advanced solution taking
these into account will be studied later. Here, we make
the decoupling approximation based on the argument
that Γ2(iωn) is supposed to be small and can be treated
as a perturbation,
〈〈
[
Bσσ
′
αβ , H0
]
ckσ′ |A
σ†
γδ〉〉ω
≈ 〈
[
Bσσ
′
αβ , H0
]
〉〈〈ckσ′ |A
σ†
γδ〉〉ω
≈ 〈
[
Bσσ
′
αβ , H0
]
〉H0〈〈ckσ′ |A
σ†
γδ〉〉ω
= 0. (20)
For the first term in Eq.(19) 〈
[
Aσ†γδ, B
σσ′
αβ
]
ckσ′ 〉, it could
be calculated self-consistently from the GF of the type
〈〈ckσ′ |A
σ†
γδ〉〉ω, which is connected to 〈〈A
σ
αβ |A
σ†
γδ〉〉ω using
EOM. For the moment, to make the calculation sim-
pler, we consider the following decoupling approxima-
tion to this term, 〈Aσ†γδB
σσ′
αβ ckσ′ 〉 ≈ 〈A
σ†
γδckσ′ 〉〈B
σσ′
αβ 〉 and
〈Bσσ
′
αβ ckσ′A
σ†
γδ〉 ≈ −〈B
σσ′
αβ 〉〈A
σ†
γδckσ′ 〉. This leads to
〈{Aσ†γδ, B
σσ′
αβ ckσ′}〉 ≈ 0. (21)
Finally, we ignore the spin flip process in Eq.(19) since
they are much less important than the spin-conserving
propogation, 〈〈Bσσ
′
αβ ckσ′ |A
σ†
γδ〉〉ω ≈ δσσ′ 〈〈B
σσ
αβckσ|A
σ†
γδ〉〉ω .
With all these approximations, the second order EOM is
simplified into
〈〈Bσσ
′
αβ ckσ′ |A
σ†
γδ〉〉ω ≈ δσσ′
Vk
2(ω − ǫk)
〈〈{Bσαβ , dσ}|A
σ†
γδ〉〉ω ,
(22)
with Bσαβ = B
σσ
αβ . Carrying out similar EOM calcula-
tion for the other GF in Eq.(15), 〈〈Dσσ
′
αβ c
†
kσ′ |A
σ†
γδ〉〉ω , and
making approximations alike, we obtain
〈〈c†kσ′D
σσ′
αβ |A
σ†
γδ〉〉ω ≈ δσσ′
−Vk
2(ω + ǫk)
〈〈{Dσαβ , d
†
σ}|A
σ†
γδ〉〉ω ,
(23)
with Dσαβ = D
σσ
αβ
Putting Eq.(22) and (23) into Eq.(15), we obtain the
closed set of equations for 〈〈Aσαβ |A
σ†
γδ〉〉ω as
(ω + Eα − Eβ) 〈〈A
σ
αβ |A
σ†
γδ〉〉ω = δβδ〈Aαγ〉
+δαγ〈Aδβ〉+
Γ2(ω)
2
∑
µν
Mσαβ,µν〈〈A
σ
µν |A
σ†
γδ〉〉ω.
−
Γ2(−ω)
2
∑
µν
Nσαβ,µν〈〈A
σ
µν |A
σ†
γδ〉〉ω . (24)
5Here, Mσαβ,µν and N
σ
αβ,µν are defined by {B
σ
α,β, dσ} =∑
µ,νM
σ
αβ,µνA
σ
µν and {D
σ
α,β, d
†
σ} =
∑
µ,ν N
σ
αβ,µνA
σ
µν , re-
spectively. Their expressions are
Mσαβ,µν = δαµ
(∑
τ
fσ∗τβ f
σ
τν
)
+ δβν
(∑
τ
fσ∗ατ f
σ
µτ
)
+fσ∗νβ f
σ
µα + f
σ∗
αµf
σ
βν
Nσαβ,µν = δαµ
(∑
τ
fσ∗ντ f
σ
βτ
)
+ δβν
(∑
τ
fσ∗τµf
σ
τα
)
+fσ∗νβ f
σ
µα + f
σ∗
αµf
σ
βν . (25)
The coefficients Mσαβ,µν and N
σ
αβ,µν satisfy two sets of
exact relations which can be used for numerical test. For
details see Appendix C.
Multiplying fσ∗γδ to Eq.(24) and summing over γ and
δ, we get
(ω + Eα − Eβ) 〈〈A
σ
αβ |d
†
σ〉〉ω =
∑
γ
fσ∗γβ 〈Aαγ〉
+
∑
δ
fσ∗αδ 〈Aδβ〉+
Γ2(ω)
2
∑
µν
Mαβ,µν〈〈A
σ
µν |d
†
σ〉〉ω
−
Γ2(−ω)
2
∑
µν
Nαβ,µν〈〈A
σ
µν |d
†
σ〉〉ω. (26)
Eq.(26) is a set of linear equations about D2 unknowns
{〈〈Aσαβ |d
†
σ〉〉ω}. For each ω, it can be solved using it-
erative methods. Parallel computation can be used for
different ω to reduce the computation time. It is the core
equation on which our following calculations and discus-
sions are based.
There are D2 unknown averages {〈Aαβ〉} in the inho-
mogeneous term of Eq.(26). They need to be solved self-
consistently using GF’s via the fluctuation-dissipation
theorem Eq.(13). An equation about the averages can
be obtained from each GF’s shown above,
〈d†σA
σ
αβ〉 =
∑
δ
fσ∗αδ 〈Aδβ〉
= −
1
π
∫ ∞
−∞
1
eβω + 1
Im〈〈Aσαβ |d
†
σ〉〉ω+iηdω. (27)
Thus we obtain D2 equations for the same number of un-
known averages, which can be solved iteratively. In prin-
ciple, from Eq.(24) one could construct more than suffi-
cient self-consistent equations for the averages {〈Aαβ〉}.
However, it is noted that neither linear independence nor
consistency is guaranteed in these linear equations, due
to the approximations made for GF. There have been
proposals for systematic ways of constructing sufficient
and consistent equations,36 but in general this is still an
open problem in the GF EOM approach.
In order to keep our calculation scheme as simple as
possible, we adopt the simplest approximation for calcu-
lating the averages,
〈Aαβ〉 ≈ 〈Aαβ〉
0 = δαβe
−βEα/Z0 (28)
The advantage of using H0 result for 〈Aαβ〉 is that no
self-consistent calculation is required and the sum rule is
fulfilled exactly. The shortcoming is that the finite size
effect of H0 will enter the final results and discontinuous
change of averages and GF’s will occur when parame-
ters such as µ or U are tuned continuously at T = 0.
For our calculation below, we stay at half-filling and this
shortcoming has no effect.
Putting the approximate averages into Eq.(26), we get
the linear equations for the final GF’s as∑
µν
Kαβ,µν(ω)〈〈A
σ
µν |d
†
σ〉〉ω = f
σ∗
αβ
[
〈Aαα〉
0 + 〈Aββ〉
0
]
,
(29)
where
Kαβ,µν(ω) =
(ω + Eα − Eβ) δαµδβν −
1
2
Γ2(ω)Mαβ,µν +
1
2
Γ2(−ω)Nαβ,µν.
(30)
Finally, the local GF of the impurity site is obtained as
〈〈dσ|d
†
σ〉〉ω =
∑
αβ
fσαβ〈〈A
σ
αβ |d
†
σ〉〉ω. (31)
Before we present the numerical results, some discus-
sions about the limiting cases are in order. First, in the
limit ns = 0, equation Eq.(29) is equivalent to AAA, as
being proved in Appendix A. This is because at ns = 0,
Γ2(ω) = Γ(ω) and the full impurity-bath hybridization
is treated at AAA level. In the other limit ns = ∞, the
full continuous bath is contained in H0 and the residual
hybridization Γ2(ω) = 0. As shown in Eq.(18), the exact
GF obtains. We therefore expect a smooth interpolation
between AAA and ED as ns increases from zero. Espe-
cially, the coherent quasi-particle features missing in the
AAA spectral function should be produced for ns ≥ 1.
Second, the set of equations Eq.(26) becomes exact in
the limit U = 0, as proved in Appendix B. In the other
limit of weak hybridization Γ(ω) = 0, our result is exact
because the local impurity part is contained in H0.
III. RESULTS
A. Anderson impurity model
We first present the results of our impurity solver for
the Anderson impurity model Eq.(2). For this model, we
use a Lorentzian hybridization function
∆(ω) =
∆ω2c
ω2 + ω2c
. (32)
ωc = 1 sets the unit of energy and ∆ describes the
strength of the hybridization. The corresponding Mat-
subara hybridization function reads
Γ(iωn) =
π∆ωc
iωn + iωcSgn(ωn)
. (33)
6In order to parametrize the discrete bath degrees of
freedom in H0, we define the distance d between the in-
put hybridization function Γ(iωn) and that of the small
system Γ1(iωn),
d =
1
N
∑
n
[
|Γ(iωn)− Γ1(iωn)|
2/ωsn
]
, (34)
with N the number of summed Matsubara frequencies.
d is then minimized with respect to variables ǫk and Vk
(k = 1, 2, ..., ns) use conjugate gradient method. For the
number of bath sites ns ≤ 2, our results are sensitive to
s value. We checked that s ≥ 3 always leads to too small
ǫk’s and below we use s = 2.
29
Fig.1 depicts the local density of states at T = 0.2π∆
and for different U ’s, obtained using ns = 1 at the
particle-hole symmetric point µ = U
2
. At U = 0, the
density of states coincides with the exact one, with the
height of the peak ρ(0) = 1/(∆π2). As U increases, the
weight of the central peak transfers to higher energies,
leading to a sharp central Kondo peak. The two broad
peaks around U = ±U/2 are the incoherent Hubbard
peaks, forming the well known three-peak structure. All
the spectral function curves are non-negative and the sum
rule
∫
ρ(ω)dω = 1 is fulfilled. This shows that our ap-
proach has no causality problem as in the strong coupling
expansion.22
As U increases, ρ(0) stay very close to the U = 0
value. This is in qualitative agreement with the Fermi
liquid behavior. At the quantitative level, however, the
results in Fig.1 deviate from NRG results (not shown
here) in that ρ(0) decrease too slowly with increasing U
at T = 0.2π∆. This is because the Kondo resonance
obtained here is mainly from the hybridization between
the impurity and the single bath level contained in H0.
The whole low energy bath is only represented by this
bath level at ǫ = 0. The approximate way of calculating
〈Aαα〉 in Eq.(28) also makes our result less accurate in
the temperature dependence.
The quasi-particle weight of the impurity electron is
defined as
z =
[
1−
∂ReΣσ(ω)
∂ω
]−1
≈
[
1−
ImΣσ(iω0)
ω0
]−1
. (35)
Σσ(iωn) is the Matsubara self-energy
Σσ(iωn) =
[
〈〈dσ|d
†
σ〉〉
0
iωn
]−1
−
[
〈〈dσ|d
†
σ〉〉iωn
]−1
, (36)
where 〈〈dσ|d
†
σ〉〉
0
iωn
is the impurity Matsubara Green’s
function at U = 0. In Eq.(35), z is obtained either by
evaluating the partial differentiation at the smallest pole
of GF (Ref.39,40), or from Matsubara self-energy Σ(iω0).
Here we find that due to the finite energy resolution of
small ns, the latter approach gives better result, as shown
in Fig.2. z decreases monotonically from 1 at U = 0
to zero in large U limit, in qualitative agreement with
the NRG result. However, due to the same reason of
small ns, our z value sensitively depends on T . Only at
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FIG. 1: The spectral function of Anderson impurity model at
different U ’s and temperature T = 0.2pi∆. They are obtained
using ns = 1 for Lorentzian hybridization function with pi∆ =
0.02. The broadening parameter is η = 10−4.
intermediate temperature T = 0.1π∆ is our z close the
NRG data which is obtained at T = 10−5. At low T our
result is small than NRG result.
We compare the spectral function ρ(ω) and the Mat-
subara GF G(iωn) from different number of bath sites
ns in H0. The results are shown in Fig.3 at U = 3π∆.
In Fig.3(a), we see that for ns = 0, there is no Kondo
resonance at all because the full bath is treated at AAA
level. For ns = 1, a sharp resonance appears at ω = 0.
For ns = 2, the sharp resonance is replaced with a broad
peak. NRG result at the same temperature is shown for
comparison. Qualitative agreement between NRG and
SBO-EOM results are observed, but systematic conver-
gence with increasing ns is not obvious up to ns = 2 here.
In Fig.3(b), Matsubara GF is compared with ED results
using ns = 6 which is convergent already. It is seen
that the SBO-EOM result achieves quantitative agree-
ment with ED at ns = 1 level already.
We also compared ρ(ω) with NRG data for larger U
values. There, ns = 1 gives qualitatively good result,
but for ns = 2, instead of Kondo resonance at ω = 0,
two sharp peaks appear around some ωp 6= 0, which is
actually related to the position of poles of Γ1(ω), i.e., ǫk’s
in H0 from fitting. The poles in Γ1(ω) will appear in the
final results, by entering Kαβ,µν(ω) in Eq.(30) through
Γ2(ω). In this sense, the sharp peak at ω = 0 observed
in Fig.1 should also be closely related to the fact that
ǫk = 0 in H0. Although the convergence of both ρ(ω) and
G(iωn) in the large ns limit is guaranteed by the formula,
qualitative correctness of ρ(ω) is limited to ns = 1 for the
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FIG. 2: Quasi-particle weight z for the Anderson impurity
model with Lorentzian hybridization function at pi∆ = 0.02.
It is obtained using ns = 1 at T = 0.1pi∆ (squares) and
T = 0.01pi∆ (dots), respectively. The diamonds with guiding
line is the NRG result at T = 10−5, obtained using Λ = 2 and
keeping 256 states.
moment. For ns = 1, our calculation takes seconds on
a PC. As ns increases, the computational cost increases
exponentially and the efficiency advantage of the present
solver will be lost very quickly. Therefore, we confine
ourself to ns = 1 when we use this solver for DMFT
applications.
B. Hubbard model
In this section, we combine the impurity solver with
DMFT calculation to study the paramagnetic phase of
the single band Hubbard model on the Bethe lattice. Due
to the simplicity of the DMFT equation in this case, it
is an ideal system for benchmarking our method. The
Hamiltonian of Hubbard model reads,
H = −
∑
〈i,j〉
tijc
†
iσcjσ + Un↑n↓ − µ
∑
σ
nσ. (37)
For Bethe lattice with infinite coordination number, the
bare density of states reads,
D(ω) =
2
πW 2
√
W 2 − ω2. (38)
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6
0.0
0.2
0.4
0.6
0.8
1.0
0.00 0.05 0.10 0.15 0.20 0.25 0.30
-20
-10
0
(b)
 
 
 
 ρ
(ω
)
ω/pi∆
 n
s
=0
 n
s
=1
 n
s
=2
 NRG
(a)
 
 
 
Im
 G
(i
ω
n
)
ω
n
 n
s
=0
 n
s
=1
 n
s
=2
 ED
FIG. 3: The local density of states (a) and Matsubara Green’s
function (b) of Anderson impurity model, for bath numbers
ns = 0 (square), 1 (circle), and 2 (triangle). s = 2 is used
in (b). Both are for Lorentzian hybridization at parameters
U = 3pi∆, T = 0.2pi∆, and pi∆ = 0.02. The solid line in
(a) and the stars in (b) are NRG and ED results at same
parameters, respectively. NRG result is obtained using full
density matrix algorithm at Λ = 2 and keeping 256 states.
Putting this into the standard DMFT self-consistent
equations, it leads to the equation
Γ(ω) =
W 2
4
Gσ(ω). (39)
The half bandwidth W is set as the energy unit W = 1.
First we investigate the local density of states using
ns = 1. Its evolution with U is shown in Fig.4. At
U = 0, the exact ρ(ω) is obtained, as expected from Ap-
pendix B. When we increase U, the weight of the local
density of states at small frequency transfers to higher en-
ergies, leading to a sharp middle peak, together with pro-
nounced upper and lower Hubbard peaks at ω ∼ ±U/2.
This trend is consistent with previous studies using many
well established methods, such as the iterative perturba-
tion theory (IPT) and the quantum Monte Carlo (QMC)
method.2 At the same time, ρ(ω = 0) declines even for
U much smaller than the Mott transition point Uc. This
is contradict to the Fermi liquid theory at such a low
temperature. When U is close to 1.2, a gap opens with a
small resonance peak standing inside the gap. The gap is
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FIG. 4: The density of state of Hubbard model on Bethe
lattice, obtained using SBO-EOM with ns = 1 as impurity
solver. From top to bottom at ω = 0, U = 0.0, 0.6, 0.9, 1.2, 1.6
and 2.0, respectively. Here µ = U/2 and T = 0.02, W = 1.0.
fully formed at about Uc ≈ 1.3W , completing the Mott
metal-insulator transition.
It is seen that our results qualitatively resemble the
ones of IPT and QMC. However, there are important
quantitative difference. The obtained critical Uc ≈ 1.3W
in our calculation is much smaller than UNRGc ≈ 2.94W
from DMFT(NRG)41 and UTSc ≈ 3.0W from the two-site
DMFT39. Compared to the AAA results UAAAc = W ,
our result is between DMFT(NRG) and AAA values.
This shows that using ns = 1, our solver is an improve-
ment over AAA but is not as accurate as the variational
method that employs one bath site in an optimal way39.
Fig.5 shows ρ(0) as a function of U at T = 0.02W
which is much lower than the critical temperature. ρ(0)
decreases monotonically and drop to zero at Uc ≈ 1.3W .
The Mott transition in infinite spatial dimensions is of
first order at finite temperatures. There is a finite regime
Uc1 < U < Uc2 where both metal and insulator coexist
and there is metastable structure in thermodynamics.42
In the inset of Fig.5, we show that indeed our impurity
solver can describe such first order phase transition, al-
though the obtained coexisting regime is much smaller
than what was found in previous studies. As U decreases
across the transition point, ρ(0) jumps from zero to a
finite value at different Uc’s, giving out a coexistence
regime of U .
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FIG. 5: ρ(0) as the function of U at T = 0.02. Inset: the
hysteresis near the Mott transition point.
IV. DISCUSSIONS
We first discuss the convergence of our results with re-
spect to increasing ns, the number of bath sites in H0.
Comparing ρ(ω) among ns = 0 to 2, it is found that
apparently it does not show the expected convergence.
This is mainly because the finite size effect in H0 will
influence the final result, by adding poles in the residual
hybridization function Γ2(ω). Therefore, for the real fre-
quency spectral function, our solver produces an effective
broadening for the ED results. On the other hand, the
Matsubara GF converges quickly to the exact curve as ns
increases. Note that by construction, our method will be
exact in the large ns limit. The way of convergence can
be understood from Eq.(30): at those frequency points
where the fitting is perfect Γ1(ωi) = Γ(ωi), our result
equals to ED result because Γ2(ωi) = 0. For a given
ns, it is empirically observed that there are ns different
ωi’s where Γ2(ωi) = 0, meaning ns different frequencies
where G(ωi) is identical to ED values. With increasing
ns, G(ω) thus approaches the ED result consistently.
Second, the temperature effect is partly taken into ac-
count in out calculation (not shown here). We have
observed that the sharp Kondo peak for the Anderson
impurity model disappears as T increases, leading to a
broad featureless maximum. This is consistent with the
expected behavior when T goes above the Kondo tem-
perature Tk. However, the hight of the spectral function
ρ(0) is higher than NRG result in this process. This
problem, as well as the temperature dependence of z(U)
curve can be partly traced back to the approximations
used to simplify the self-consistent calculation of the av-
erages 〈Aαβ〉, Eq.(28). We expect that by replacing this
approximation with the full self-consistent solution, the
9temperature dependence will be improved.
Third, we discuss possible improvement that we can
make in the future. In the approximations of GF, the
spin flip process ignored in the derivation can be taken
into account without additional numerical effort. On the
computation side, our calculations for ns = 2 takes only
seconds on a PC. Increasing ns will lead to much slower
computation and larger storage requirement. However,
we expect that the odd number of n = 3 and 5 can be
reached with ease, which may give better description of
both the Kondo resonance and the Hubbard peaks. The
check of the convergence of results with respect to odd ns
will be done later. Also, with full self-consistent calcula-
tion of the averages 〈Aαβ〉, we expect better description
of the temperature dependence will be achieved.
V. SUMMARY
In this work, we develop and benchmark a new impu-
rity solver for DMFT, based on the EOM of double time
GF of SBO’s. Applying this method to the Anderson
impurity model, we obtain qualitatively correct results
for the real frequency spectral function ρ(ω), the quasi-
particle weight z, and the Matsubara GF. We applied this
method to the one band Hubbard model on Bethe lattice
through DMFT and obtained qualitative description for
the Mott transition. Directions of further improvement
in the future is discussed.
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Appendix A: Solution for ns = 0 case
In this appendix, we prove that at ns = 0, Eq.(29)-
(31) is equivalent to AAA . For ns = 0, H0 = Un↑n↓ −
µ
∑
σ nσ. Hence Γ1(ω) = 0 and Γ2(ω) = Γ(ω). The 4
eigen states of H0 are denoted as
|1〉 = | ↑〉, |2〉 = | ↓〉,
|3〉 = |0〉, |4〉 = | ↑↓〉. (A1)
The corresponding eigen energies are E1 = E2 = −µ,
E3 = 0, and E4 = U − 2µ. We decompose dσ into SBO
and obtain d↑ = A31 + A24 and d↓ = A32 − A14. The
nonzero coefficients fσαβ are
f↑31 = f
↑
24 = 1,
f↓14 = −1, f
↓
32 = 1.
(A2)
Putting these into Eq.(25), we get the only non-zero el-
ement among M↑31,µν as M
↑
31,31 = 2, and that among
M↑24,µν as M
↑
24,24 = 2. Also one obtains N
↑
31,µν =
N↑24,µν = 0 for all (µν)’s.
With these information, Eq.(26) becomes
〈〈Aσαβ |A
σ†
γδ〉〉ω =
δβδ〈Aαγ〉+ δαγ〈Aδβ〉
ω + Eα − Eβ − Γ(ω)
. (A3)
Using the fact that A44 + A22 = d
†
↓d↓ and A11 + A33 =
1− d†↓d↓, one obtains the final GF at ns = 0 as
〈〈d↑|d
†
↑〉〉ω =
1− 〈n↓〉
ω + µ− Γ(ω)
+
〈n↓〉
ω + µ− U − Γ(ω)
. (A4)
summarizing the spin-↑ and -↓ case, we obtain
〈〈dσ|d
†
σ〉〉ω =
1− 〈nσ¯〉
ω + µ− Γ(ω)
+
〈nσ¯〉
ω + µ− U − Γ(ω)
. (A5)
This is exactly the expression of AAA if the average 〈nσ¯〉
is calculated self-consistently. If we use itsH0 value 〈nσ¯〉
0
as was done in Eq.(28), it is not the full self-consistent
AAA in general. But at exact half-filling 〈nσ¯〉 takes its
universal value 1/2, the resulting G(ω) recovers AAA
again.
Appendix B: Exact solution at U = 0 limit
In this appendix, we prove that Eq.(26) gives exact GF
in the limit U = 0.
In the case U = 0, H0 can be diagonalized on the
single-particle level and we suppose that after diagonal-
ization, H0 reads
H0 =
∑
sσ
ǫsa
†
sσasσ. (B1)
Here the operator asσ is the annihilation operator of an
electron in the molecular orbital s and with spin σ. The
impurity annihilation operator dσ can be expanded as
dσ =
∑
s αsσasσ, with
∑
s |αsσ |
2 = 1. The eigen energies
{Eµ}’s are the sum of the occupied single particle levels.
The SBO Aαβ and the excitation energy Eα − Eβ are
defined similarly as in Eq.(9). In this case, considering
that [asσ, H0] = ǫsσasσ, the expansion of asσ in terms of
SBO’s {Aσαβ} reads
asσ =
∑˜
µν
hsσµνA
σ
µν . (B2)
Here
∑˜
µν denotes the summation with the constraint
Eν − Eµ = ǫs, i.e., the summation of degenerate excita-
tions only.
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Multiplying Eq.(26) with hsσαβ and summing over α and
β under the constraint Eβ − Eα = ǫs, one obtains
(ω − ǫs) 〈〈asσ |d
†
σ〉〉ω
= 〈{asσ, d
†
σ}〉+
1
2
Γ2(ω)〈〈{{asσ, d
†
σ}, dσ}|d
†
σ〉〉ω
−
1
2
Γ2(−ω)〈〈{{asσ, dσ}, d
†
σ}|d
†
σ〉〉ω. (B3)
Here we have used the relation
∑
µνMαβ,µνA
σ
µν =
{Bσαβ, dσ} = {{A
σ
αβ , d
†
σ}, dσ}, and
∑
µν Nαβ,µνA
σ
µν =
{Dσαβ, d
†
σ} = {{A
σ
αβ, dσ}, d
†
σ}.
Using the definition of asσ, Eq.(B3) leads to the equa-
tion for GF as
〈〈dσ|d
†
σ〉〉ω =
(∑
s
|αsσ|
2
ω − ǫs
)[
1 + Γ2(ω)〈〈dσ|d
†
σ〉〉ω
]
.
(B4)
Note that for U = 0 case, the GF of the small system H0
can be expressed as
G0(ω) =
∑
α
|αsσ|
2
ω − ǫs
=
1
ω + µ− Γ1(ω)
. (B5)
Putting this equation into Eq.(B4), we finally recover the
exact impurity GF of HAim at U = 0,
〈〈dσ |d
†
σ〉〉ω =
1
G−10 (ω)− Γ2(ω)
=
1
ω + µ− Γ(ω)
. (B6)
Appendix C: Some Exact Relations
From their definitions, we can derive the following ex-
act relation about Mαβ,µν and Nαβ,µν . From the opera-
tor equations
∑
αβ
fσαβ{B
σ
αβ, dσ} = {{dσ, d
†
σ}, dσ} = 2dσ,∑
αβ
fσ∗βα{D
σ
αβ, d
†
σ} = {{d
†
σ, dσ}, d
†
σ} = 2d
†
σ, (C1)
it is easy to obtain the following relations
∑
αβ
fσαβMαβ,µν = 2f
σ
µν ,∑
αβ
fσ∗βαNαβ,µν = 2f
σ∗
νµ . (C2)
Similarly, from the operator equations
∑
αβ
fσ∗βα{B
σ
αβ, dσ} = {{d
†
σ, d
†
σ}, dσ} = 0,∑
αβ
fσαβ{D
σ
αβ, d
†
σ} = {{dσ, dσ}, d
†
σ} = 0, (C3)
one can get the relations
∑
αβ
fσ∗βαMαβ,µν = 0,∑
αβ
fσαβNαβ,µν = 0. (C4)
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